CHAPTER V. 4 


RATIONAL ALGEBRAIC FRACTIONAL FORMS. 


127. Integration of 


SS (a<ta) and a (a> a). 


a 
Either of these forms should be thrown into Partial 
Fractions, which can be done by inspection. 


Les (tac) ES 


ee - [log (a.-- 2) —log («—2)]— 2a t, log 2+ 


LES 


1 x 
=- -i P 
or zs tanh A (z« a) 


Veron Ns, Rig 


z—a 
= [log (e— a)— log (2-+a)]=5- log t5 
Pay ain @ gek ud 
or = —7 coth pho me tanh Pe (x>a). 


The Partial Fractions are so simple that the results are not 
usually committed to memory. 


128. These inverse hyperbolic forms should be compared 
with 
f da STE, 


a?--a? a a ü a+ 2? 
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The three results are: 


Ge "di ud Dye 
jaras gens or “hg ee E 


or m tanh-! ^i 
a x 


129. Extension of above rule. 
In the same way, a and £ being real, 


f dz i M Gi +a 
Beta B B' 
da -oial ar . Zeta 
ler Stark, 9 gere ero 
(z-- a B) 
CONARI atta 
Jam E. coth-! B 
1 | 221 z+a—B 
or at ret Le, 28871. | 
(z+a> ). 
130. Integration of 
d da 
I| riy 


Since a2? 4-bz4- c can always be written as 


Lu,  4ac—b] . 
a| (2) +“ de of form a[(e-+a)?+ 6") 


or as 
f pe 
al (2+2) rene | ie. of form a[(z+a}— 8?]; 


taking the first or the second according as b?< 4ac or 0*7 4ac 
the rules of the former article apply. 
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Thus 
131. Case I. b? — 4ac. 
D» f PNS.. a. ena: 
 Jaa$--bxz--c a 
Lei DC tar 
fips Be, pa 202b 
Ate — b? J/4ac—b? 
or oe e 6 ai 
or = SN a: 2 4a Jaz" / aa? + ba+e ete 
J/4ac — b? Bee - Or 
132. Case IL b 4ac 


2a 4a 
i 1 lo 2az-4-b —J b? — 4ac 
Ji —4ac S Zoe tbt, —4ac 
s Kall 2 Qax+b 
X b* — 4ac Jb? — Ate 
2 piv de a Jaa? bac 


— ——— coset 
Jb? — 4ac Jb—4ac — 


coth-! 


or 


which is a real form if 2az-F-b 7 lf 4ac 


" uds 


4d? "Ta 
ig m 4ac ac 4- (2ax + b) 
— JP Aac SI — 4ac —(2aa -- b)' 
ANC M 2 sy ete 
4.6. Rer e —— tan nh- JI ias =etc., 


\ANANAL FOIN ALN m 
W W W. | C (IO) LI f ( A 
wl 
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133. Of these several forms the real one is to be chosen in 
each numerical case. The general forms are equivalent, except 
that they differ by a constant which may be unreal. 


134. Another Method. 
As the factors in the second case are real, say 
a(x—2,)(— 2), 
the usual proceeding is to write the work as follows without 
the formal completing of the square in the denominator : 


da: 1 dz 
latinas s] acu 
ue 
| (a, — Xp) J 7-2, a(z—2,)J2—7 


log (z—25) 


1 
og niti AUT ner 


SUA. T UM 
"ais — a) 

zu bda 
| a(z,— 23) 


135. Other forms of the above results. 

Other forms of these results may be exhibited. For instance, 
taking R 2 aa?-- bz-- c, and 4ac — b? = 4a? = — 4*2? ; 
then 


2— 
log Se? 


2ar--b — . 2az+ b i d 
e =sin— Ei — sin-! 
2 tan ESCH sin (« ^ e) sin (« xs log R) 
and 
2ax+b — . 2az 4-b : „d 
-1 ———— = -1 — Á ——————— | oo ——a -1 — 
2 tanh HU pay m sinh ( & ar e) sinh (« $ log R) 


whence [= = sint (« © log R) or sag sinh (« f log R) 
the real form to be chosen. 


136. Integrals of expressions of the forin 


petq ze petq 
aa? J- bac 4- e um A 


can be obtained at once by throwing pz--q into the form 
pzxcq-5AR-Fau, ie -A(2?az--b5)-4-4, 
where À, u are constants to be found ; 
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for then 
pz4-q JM ae 1 dz 
I= ee dz= B daz-A p ictu RB 
-Mog Riu fG 


and the second member of the right side has been discussed. 


137. This transformation is one very frequently required. 
It may be performed either by inspection, or by comparing 
coefficients. 


(i) By inspection, 
pr+q= 1 (2az 4- b) (q 5 ) 


(ii) By comparing coefficients, 
20A — p, p 


2 } giving Ate and u —q— 


pb 
0A uq, Zo 


'Thus 


pita -£l 2ar+b pb | da 
doe E ax?+ba+e 


RS p pb dz 
e log (aa? 4- ba; 4- c) 4- (a— D^) oe 


It is essential that the numerator of the first partial fraction 
shall be the differential coefficient of the denominator, and 
that the ze of the numerator of the given fraction are thereby 
exhausted. 


138. Ex. 1. Ton 9-72 a 


+127 +38 “Groene 
s dx 7 2x 4-19 
m rius e. #4122438 
51 AED 
a wë 
| 9172 » 9—'7x 
35-9»—2* — J(T—x)(5 +x) 


W (-9 D E 1 zia 


da 


E legt? 12x 4-38). 
Ex. 2. da 


37—r 3542 


10 kl 
-3leg(7 -2) log (5+2). 
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This difference is to be noted in such examples as the two preceding ; 
in the first the form of the result is real for all real values of x ; 

in the second the form given is only real if v lies between —5 and +7. 
For values of x > 7 we should write it 


1 
* log (#—7)+ y log (2 4- 5), 
and for values of x < — 5, 
3 log (alt log (pel, 


These three forms differ by unreal constants. 


EXAMPLES. 
1. f rda ; dx 
` J+ Ex-3 hatari 
a f æ da s f da 
WESTER ` Joshi — (ex 4- d) 
s. f. EEN d æde 
Jayam A Eet 
(etl) dr 10 rd ' 
3422-2" le e Ww Ne ra 
5 [Sz Ja, 1 eS 
EES F elen? ert 
9z* + 3x 4-4 e d 
Lem een 1? Lees 


NOTE ON PARTIAL FRACTIONS. 


139. In the authors Differential Calculus (p. 72) a Note 
was inserted on the methods to be pursued in the case of 
finding the n** Differential Coefficient of an algebraical fraction 
when it was necessary to resolve the fraction into its simple 
or partial fractions. It is now necessary to repeat this Note, 
with some additions and alterations, as suecess in the integra- 
tion of complicated rational algebraic fractions will depend 
upon the ability of the student to obtain the equivalent partial 
fractions with facility. Moreover, many subsequent articles 
will depend upon the general theory. 


140. Let f i : be the fraction in its lowest terms which is 


to be resolved into its simple component or partial fractions, 
f(x) and ¢(a) being supposed rational integral algebraic 
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funetions of z, the coefficients being real and, unless the 
contrary be stated, rational. 
Then if the degree of f(x) be not already less than the degree 
f2). 


of g(a), we can, by ordinary division, express Sa) in the form 


x(2) 

pey 

where den 4- as 271 4- .. . +a, is the quotient, and y(z) is the 
remainder, of lower degree than $(z). 


Apt" + 4,2" 4- ... F8 HP 57 


Hence the integration of e 
f(z) 1 Qoi x” jx x(x) 
Zä is "41 +a x +... +O, + PECH bg 


x(2) 
g(a) 
Hence we may confine our attention to the case when f(z) 
is of lower degree than ¢(@). 
Also we may, without loss of generality, consider the co- 
efficient of the highest power of x in $(x) to be unity. 
141. It is proved in Theory of Equations that if $(x)—0 
be a rational algebraical equation of degree n, 
(1) there are « roots, real or imaginary, 
(2) that imaginary roots occur in pairs, a x (B, y+ «ð, 
ete. 
Any of these roots may be repeated. 
Then the general form of ¢ is of the nature 
$ = (x—a)(z—b)» (x —a)*-- 8*3 (x — y*- 0*2), 
where we have taken the case of 
(1) a real linear factor occurring once only ; 
(2) a real linear factor occurring p times ; 
(3) a pair of unreal factors, each occurring once ; 
(4) a pair of unreal factors, each occurring q times. 
Any other factors which there may be in ¢ must be of one 
or other of these categories. 
We consider these four cases separately. 


And as we are going to suppose that Je is à fraction in 
its lowest terms, none of the factors described above will be 


factors of f(x) also. 


and we only have to attend to | 
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142. I. To obtain the partial fraction corresponding to the 
factor x—a occurring once only. 

Let ġ(x)=(x—a)y(x) for short. Then y-(x) does not con- 
tain z—4a as a factor, yu y» (a) does not vanish. 


I AE x(x) 
Let (aaa) 2—a T way an assumption justifiable if 
we succeed in finding A, supposed independent of z. 


Then f) =A+ Kl is an identity and true for 


y) ~ "viel 
all values of z. 
obses (C 
Hence putting «=a, Wa) 
ia a Lei -f (a) ` Ce 


Therefore d WE Aue AE CR Sc A 


Hence our rule to find A is, 
“Write a for æ in every portion of the fraction — ee PONE 
except in the factor (x--a) itself.” —4a)y{2) 
And this process may be applied to every partial fraction 
corresponding to a factor of $(z), which only occurs once. 
Moreover, since 
$(r)-(z—a)vr(x), $'(x)-(x— a) y^ Leite 
and ve (ol is finite, ~. ¢'(a)=y(a). 
Hence we may also write A in the form ZC 
x 
143, Ex. 1. (r-1)x-2)(«-3) 
s rubea duce iss 2 
 (-1)-2)0-3) (2-1)(z-2)(2-3) 


3 
*(3-1(3-2)(s-3) 
Thus, here, three partial fractions must occur. No others can occur. 


For if there were a fourth fraction 2 say, the denominator of their 


sum must be (z—1)(z - 2)(z—3)(r— ô), which is not so. 
Hence we have obtained the whole expression, 
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Ex. 2. Grey Here the numerator not being of lower degree 


than the denominator, we must divide by the denominator. The result 
will then be expressible as 
o A B 
(z — a) (x — b) Mini ek ei 7 ENSCH 
where A and B are to be found. 


Since yeG-aprta b] A D, (r—a) putting z—a we get 
a3 MMC p 

A aber D and similarly Beg : 

We may here stop to remark that A and B can be written down by the 

rule “Put z—a everywhere except in z— 4 itself" just as well o the 


original expression íe ans b as in ES (2 4- a 4- b). 


Tis remark is general, and will — save much trouble. 
e 1 Ke 1 
Thus — sy aay ag em: * — 
Ex. 3. Let the roots of z”=1 be a, B, y, ... and F(z)a rational integral 
algebraic expression of degree lower than »; then, by the second rule 
of Art. 142, 
F() F(a) 1. PI 1 , 
a"—1 naa"z-a ap"zsz-gB'" 
SC, B BFP) , ké sola) 
“aN s-a yov y n ^ g-a 
where the summation is for all the roots. 
This may be also further expressed as 


l (zta) (* - 9) F(a), 


9n * x-a 
ra 
T g EF (a E a). 


If F(x) be written as Az"-- Dz"— 4-...-- K (m < n), then, since the 
sum of the r powers of the n* roots of unity is zero when 0 « «n, 
we have 

DF (a)=nK=nF (0); 
F(x) _1 yaF(a)_ 1 puta m 
` a^-1 a > Z-a 2n Sen a) 2 mu 
By taking Z(z) —z and putting x=e%8, deduce that 
pod dni ate iL ee "S "iin Nr ont (s Sal 
sin NL CR n 
(Mara. Trip., Parr II., 1919.] 

144. II. Next suppose the factor (z — qa) in the denominator to 
be repeated r times and no more, so that we may write 

p(x)=(x—a y(x) where y(a) does not vanish. 

Put z—a- yg. 
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1 fiay) 
js PER ca Y 
" pæ) y paty) 
any means in ascending powers of y, 
a lAo tA y FAI 4 .. 


"y By Biy + Rut. 


or expanding each function by 


Divide out thus: 
Bet By + By? ss) Ast Ayy+Acy*+ ...( Op +O Y HOY? + ... 
ete., 
and let the division be continued until y" is a factor of the 
remainder. 
Let the remainder be y^x(y). 
Er 


p(x) Y yr yr (a4) 
n" C "d AS (z— ) 
"are re Dye et 


Hence the partial fractions RE to (x—ay are 
determined by a “long division” sum. 


145. Ex. (i) Take Put z—1-y. 


 Uraf 

EES Si 
ak —-— 

2ry)r2yp y (Ends tis- aty 


x 
bäisst 


'Then the fraction 2 
y 


i 1 a | 1 
Therefore the fraction — Dr. ta tB, -B8(xy) 
1 3 1 1 
^73-19*4(-18 8(-1) SH 
146. Remarks. 
(1) In practice it is desirable to perform the division by the * detached 


coefficients? method, and the above work appears as 
2+1)14+2+1(3+9+3 
1+3} 


CEA 


iti 
=$ 
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(2) In cases where there is but one other linear or quadratic factor in the 
denominator dh Lei and that not a repeated one, this process will finish the 
whole operation. 

x*--9x 
Ex. (ii). Ge TNS 


The fraction = 


Put c=1+y. 


1 3+4y+y* 
P 24-2943" 
2+2+1)34+4+1($+3}-—#4+3-4 
3+34+3 


Hence the fraction =35, +34 “a + 58 By 24 By +98 


3 1 3 l 1 41 z—3 
7àR(s-ij*23(z-1yg a(z-1P'2(z-1B 8(-1)' 81x24! 
and is then ready for integration. 
Ex. (iii). EES In such a case we find the three partial 
fractions corresponding to z— 1, and then, either from the remainder or 
beginning over again, the two corresponding to (x — 2)*. 


147. Instead of expanding out f(a+y) and y(a+y) 
separately, as shown above (which is however usually best in 
practical cases) we may expand pot as though it were 
F(a+y) by Taylor’s theorem, or otherwise, which shows a 
compact theoretical form for the several coefficients, Cœ C, 
Co, ..., of Art. 144. 


Thus 


Datt. fa), CA Ly P ZG 


V(a-y) va) da\pa/ ^ |r dar Na 
So that dod aif 0 
a a 2 fa 

Oma O7da ye) Cr [sae po) 7" 


Ca ZE be El 
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148. Nothing has been assumed so far as to the reality of 
the several roots, a, b, etc., of $(z)—0. Hence the rules 
obtained equally apply for unreal or for real roots. 


D Hen ` $(z)2 (s—ay(z—b)(z—cY-., 
whether a, b, c be real or unreal, so that p-Fq--r-...—m, 


the degree of $(z), we obtain, by methods explained above, 
& result of form 


f A A, A, PW 
ga) (z—ay * (z—ay" (gay * tema 
D B, B, B 1 
Te GER" (r—by- (z—byri t (z—by: by? ILC 
C, C, C, Coss 
+ Ge" (z—cy- + Goo (a—c)"-? ps Pu i 
+ 5 


and imagining these fractions to be reduced to a common 


denominator and added up to get back to the form se LS the 


coefficient of z"— is obviously 4, rt B, ,-- C, ,-... 
The integral will be 


[rie A A A 
WE EE E ee al TA AT Aj ı log (z— a) 
"ye -8 Ge eege 
eye RE -1log(z— o), 


etc., 
e. in general partly algebraic and partly logarithmic. 
149. The conditions necessary that the integral should be 
purely algebraic are clearly 
A, = B,.; 0... —0, 
and in number the same as the number of different roots of 
¢(x)=0. But the coefficient of z"*' in f(x)/¢(x) has been seen 


to be 
Aib Ba OL es, 


and this must vanish when the above conditions are satisfied. 
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Hence the index of the highest power of z in the numerator 
must be at least 2 less than that of the highest power of x 
in the denominator. 

If then the number of different roots of ¢(x)=0, viz. 
a, b, c, ..., be k, say; and if the degree of f(x) be lower by 2 
than the degree of $(z), we must necessarily have 


Apa Boa Oa 


and one of the k conditions, A, ,— B, , =... = 0, must bei in- 
cluded in the others, and there are then bu k—1 independent 


conditions to be satisfied for ue 0 to be entirely algebraic 


150. III. Consider next the case of an irreducible quadratic 
factor, (2—af!4-*, 
not repeated, occurring in the denominator, $(z), and let 
$ (x) = [(z— a^ -- 8*] yr (z). 
Then the partial fractions of e 2 i.e. of 
Zi 
(z— a—8)(z—a +p) y (x) 


corresponding to these unreal factors, are 


HECLO S MPG LCS ROSEO 
(348) a+b) $—a—4B t CUa p) oat eB 
F(a +B) 


or, separating out the real and unreal parts of GABY (a + iB) 
t 
as P +.Q, these partial fractions are 
PHR _P-Q " 2P(z— a)— 206 
z—a—iB | t—atif’ (cz—a)? +B? ' 
AER Ix4+ M 
which is of form (z— ay 4 B? 


“Paid. aci 
where P= car dici which are both 


and -—- IT fla +B) 4 Je real, 
^l Gite LÉI ` Byr(a— B) ], 


and  L-2P, M=—2Pa—208. 
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151. IV. Case of the factor (à — a)? 4- 9? repeated r times. 


Let $(z) — [(z— a)? + 8 (2). 
Then it will be possible to write 
f2) _ F(z) P,z4 Q, 


g(x) [G—a)--G Fry (zx) [(&—ayo- &T 


+ x, (x) e 
[(z—a)* + 8] va) 
For this is equivalent to determining P, and Q,, so that 
f(z) CP» + Q,) Y (2) = x-(x)[(z—a)?+ 8*], 
i.e. so that f(z)— (Po +Q.) W(x) 
contains z—a—.:8 and z— a-F:8 as factors, and this will be 
effected by taking P, and Q, such that 


f(a-c48) | "m Harp on : 
Uv pian dert o om Be er 


and if Aene when separated into real and unreal parts, 
becomes A+B, then P,a--Q,— A and P,8- B, 
: B Ba AB—Ba 
i.e. P,=5 and —-4—-—-— . 
tgo dui aa 
Thus P,, Q,, and therefore x, are determinate. 


This being so, it is obvious that 


x«(2) 
[(z— a)? + 8" V«(z) 
can itself be expressed as 
P „2+ H. KE 


LEE CN dE Bey 
and by continued repetition of the argument we get finally that 
f(x) d P,£+Q, d P, et + P sëtN T 
$(z) Ura tE [(z—ay-&p" [z—af-8]^ 7 
di P,z+Q, via 
(xz—a)} +8 y(x) 
and the values of the r pairs of quantities, 
RI end Ha A A9 Ol uuo Py ond: Ah, 
are successively obtainable as described. 
The general form of the result is thus established. But this 
mode of finding the numerical value of the P's and Q's is 
laborious, except when v is small. 


d | 
A NAIL TCIN Orco ni 
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152. It now appears that the general result of putting 
A into partial fractions, where $ (x) is, say, 
(z—a)(z— b) (2! + pekt g) (2! a-rz4- 8)" 
the last two factors being irreducible to real linear factors, 
and f(z) is any rational integral function of æ of any degree, 
will be of the form 


i A —an integral algebraic quotient 


A " 
tila 
B, B, B, B, 
KS MCCL ed 
Pz+Q 
2*--pr-4-g 
R48, Ræ +8, R æ+ S, Rx, 
taps a +m (atero t ttre ts 


This is the general typical form of the result. If other 
factors occur in $(z), other partial fractions will occur in the 
result. But all others will be of the types exhibited. 

153. The integration can therefore be effected. 

For (1) The integrals of the algebraic terms are of type 

gH 
| ES d= A; SEÄ: 
(2) The integral of LZ dz is Alog(z—a). 


z—2 
; B 1 B 1 
(3). The integral of [ze is ark Ge HCH 


(4) The integration of ate dz has been effected 
in Art. 136. pd 


P ; LEI 
(5) The integration of | (Geste 
by means of a reduction formula, as will be 
explained in a subsequent article. 


dæ can be effected 


Hence we may then regard the integration WS dz as 
complete whenever AR is a rational algebraic function of z. 
154. In practice, when irresoluble quadratie factors are 
present in the denominator we may first of all determine the 
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partial fractions corresponding to the real linear factors, single 
and repeated. Then, if there be only one quadratic factor, and 
that not repeated, it will appear without further trouble in 


ihe remainder of Kai But if there be several such factors 


or a repeated factor, we may subtract the simple partial 
fractions when obtained and then after simplification discuss 
the remainder. 


155. Use of “Undetermined or Indeterminate Coefficients.” 
We may often with advantage apply the method of * indeter- 
minate coefficients." 

When the fraction has been reduced by division till the 
numerator is of lower degree than the denominator, Ae of 
degree n— 1 a most, yi we get, as in I, 

fla) _ Pot+Q e Rts 
$(z) z—a +5 (z— G P FIER 3 (2? 4-rz 4s)? u 
we have, upon multiplying up by $(z) an identity in which 
the right-hand side is of degree & —1 and consists of n terms 
when arranged in powers of z, and the left side is of degree 
^, —1 at most, viz. f(z). 

Now $(z) is of degree 1+A+2+2u, which must =n, and 

the number of quantities 


A, (B,, B,, T (P, Q,), (R,, S, Ry, S5; E? ) 
iode derek. + E + 24, 4.6. =N, 

Hence, upon equating coefficients of the n terms on the 
right-hand side to the corresponding coefficients in f(z), we 
have just enough equations to obtain the  quautities, pro- 
vided that these equations are all independent. But as we 
have established otherwise a means of finding these quantities 
we may infer the consistence of the equations obtained by 
equating coefficients. 

156. Many of the coefficients, or all, may be found by the 
substitution in the identity of numerical values for z. Obviously 
any number of equations of this kind could be obtained, but 
only n would be independent. The most suitable values to take 
for this purpose will be such as will make one of the factors 
zo z—b, z*--pz--q or a?--rz-4-s vanish, for such values 
would cause many of the terms of the identity to disappear. 


AINA ITerin mre nm 
W VV WV Tul VWiU.W 
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In substituting roots of 2?-- pr+4q, viz. a 3-18 say, only one 
root need be substituted. Then the real and unreal parts on 
each side of the identity may be equated. 

All the B's and A, t.e. A--1 of the quantities, can be found 
by the easy rules given above (Arts. 140 to 147). Hence A 4-1 
of the equations obtained by equating coefficients will not be 
independent of the others when the values of A, B,, B,, ... By, 
which have been found, are substituted. But there will still 
remain 2+2u independent relations from the equating of 
coefficients. The substitution of a root of 2?-- pz-- q and of a 
root of 2?--rz--s —- 0 with the equating of real and unreal parts 
will furnish four other relations and reduce the number of 
independent “equated coefficient equations" to 24—2, which 
are linear and to be solved in the easiest way available. The 
student will perceive that in practice it will be best to combine 
several methods to determine tbe coefficients and to use 
redundant equations to check numerical results.* 

157. If none but even powers of z occur in both numerator 
and denominator, we may put 2*— y, and thereby reduce the 
labour considerably. In such fractions, the quadratic factors 
becoming linear by this substitution, their occurrence may be 
termed pseudo-quadratic or quasi-linear. : 


Ex. zl 
l rette : 
y+ 
This is of form GFA 9) 
Paraig, then, 2? (or y)=z - 9, 
2*1 (o Os 
(z*--4)(x*--9)* 2(—5+2) 
-6+ )- d 
5 25 
8z 
-845 
3z 
($n 
Zz 3 
5+2 
32? 
— 25 
z+] 8 3 38 1 
" AFAA B4*25; 95 —54z 


$ 
- 
"e 
|- 
Ge 


1 
WW? IERT 25 2+9 ES EEN 
* See also Art. 1891, Vol. IL. 


WW.I rci nN |. Of g.| D 


RATIONAL ALGEBRAIC FRACTIONAL FORMS. 155 


1 
` (@=1) (er 1) (2*4 4)* 
The partial fractions are of form 
A Set Dut E Fat+G 
z—l z*-1  (x?--4) (w?+4)? 
Multiplying up we have the identity 
12 A(x*--1)(2*--4)* -- (Be 4- €) (a — 1) (a? +4)? 
T (Da +E) (x — 1) (4? 4-1) (2? 4- 4) 
T (Fa+ G) (x — 1) (2* 4-1). 
Putting 2—1, 1-504. 
Putting v=u 1=(B.+C)(t-1)9; 
. ~B+C=0, 
-B-C=}, 
Putting c=2, 12(2F.4- G)(2:—1)(-3); 
. 4F+G=}, 
F-G=0, 
Equating coefficients of 2°, 
A+B+D=0; 
^A D-35155. 
Equating absolute terms, 
164 — 160- 4E — G —1, whence Z— 38; ; 


1 gh GC EITCB RED d Aen 
` (a@—1) (a? +1) (a? +4)? 50z-1 182*41 225 4*--4 15 (x? +4)? 


Ex. 2 


, | whence B=0= -J 


} whence F=0 =}. 


158. Case when the numerator is an odd function of x and the 
denominator is even. 


I= [5 (da takes the form E 


= F(y) 
and putting ai, I= sl "ei SG, 


and the factors in the denominator which were quadratic 
factors in x are linear in y. 


EET yt3 
Mee. | Ta Pee ss Jg- toi nin dy 


c F (x?) 
[IN 


=! Le Sai -EFi -gxgle 
eS bak CON 

2 °yt+l 2y+1 

1 nm Ch 

9108 iita et 
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159. Case when the denominator is odd and the numerator even. 
The same process may be adopted. 


+1 du Rha 
cz (x*--4) : y (y 4) ^9 


«L(Ep aul 3 
-6 | (j tyra) =por ren 


=5log a3 (23-4. 


Thus 


é 


: z^ dz 
160. Integration of Í (zT a3) (823) (2+ ag") «.. (23-243) a where q «n. 


The partial fractions are of the form 


n A, 
z z +a,” 
and the integral is SAri 
1 a, a, 
The value of A. is 
Loi 


The denominator factorized may be written as 
(a — a.) (aa — a.) TT (a, — a.) (8.41 — By) (drga — ar) les (a4 — a.) 
X (a4 +a,) (aa +a)... (ani ta,) (Gr41+,)(Gr42+4,) ... (a5 Fé 


Taking the case when a,, az, ag, ... d form an A.P. with common 
difference b, this denominator D, say, is 


D-(-1y-7(r-1)5(r-2)5...2b.b, b.2b.3b...(n—r)bx um a,)/2a,., 


where in forming the product of the factors in the lower line the missing 
term (a, to) has been supplied ; 


D=(-1)78 (p — 1) llo (n — 7)! IT (as+a,)/2a, 


and A, ( — 1) H 2a, H br — 1) (n — 7)! T (mta). 
If b=a,, we have &+a,=(r+k)a,, 
and Dis tal can (r1) r2) (oen) ayn CERE, 
giving for this case the partial fractions 
"at MM PE 
and the integral 


asin) rM SATS] 
WWW.fCIDh.OfQq DI 


ke 
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161. Obviously we should also have in the same case 


zH dz 
fa (2*-- a4?) (+a 2”) oe (2 - an?) 


2 = pua z 
ase XC pert ete n Aras 
1 r=n i pat? 


cape Al Ye" (n4-7) ! (n mam Y i Sei 


162. Taking the case a,=2, b=2, and therefore a,=2r, 
SH PRA un NP: sim PUR WL 
(27 + 2?) ^ + 4?) (z? -- 6?) ... (22 + 2?n?) 
ria 1 
-rd 2n(* 1E. me 
"inj G2 C D s gnus "Or prp gua 
_(-1)"! (2ny«*? (2n -2)4*? `. zm (2n - 4) 
(Qn)! Sisi ge" rua zip T nate (2n — 2)" t Dat (2n — 4)? 
9*2 
Teo AP? "6. 3a] 
and its integral 


Guer) 


WER "LASEL 


z t 
| 7e (ny tan~! «^ ?^(7 (25 — SITT tan7! E 


A + ( — 1) 7120, , 24 tant 4" err 


163. And similarly, if the index of z in the numerator had been 2¢+1 
instead of Zo, the same work shows 


gn 


Ke putem 1 
` (2n)! Si 


[ 76,202 me P5 mC, (2n Kai Ok 2 vm n = 2) 


dent (-11 mo, sg |; 
and its integral 
oC Eurer: g 
—— (2n) Ss 
[P C (2n? log (2? + 22n?) — 20, (2n — 2)**# log {27 + (2n — 2); 
A. A1 197170, 42:7 log (2? + 2?)]. ...(B) 
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164. Taking the case a, —1, b=2, and therefore a,—2r - 1, 


zu 
(2+ 13) ( + 32) (2 + 52)... [2 + (20 — PORE 
WC SE pr T'as Ij 
HCH ae l1 pedo "-10, (2n - 21907) 
Un: -1)! 29-1 KERGER 124 (Qn - 3) 
LE (2n by £3 Ekel) : 
+ Le reer], 
and its integral 
(- y^" 1] 
~ (2n -1)! 27-2? 


z 
-1 


z 
2n—1 -]1y Get — 2n—1 — 3) El Zeie 
[ C, (2n — 1)? tan ón C, (2n — 3)” tan ra 


3 


A Us 11% tant |, (€) 

gu 
(2 12)... [2 4 (2n - 1y] 
Hc pes 
— (2n - 1)! 


165. And for the integral will be 


gua" 0, (2n - 1) log (2? + (2n - 1) 

— 20-10 (Qn — 3)**1 log të + (Qn — 3)?) 

$$ (= (PA, 112+ log{2+19]. (D) 
a" dx 


166. Consider the integral f =? aa cos na T a7 


(m « 2n) 
Here —— Pia, dief äerer one pa Le (Art. 142) 


“TL Te - 222 cos (a+ =) +a? |, 


r-0 
$/ (a) ^ 2nz" (x^ — a” cos na). 
Let a+ 27. =x% 
The factor 23 —9az cos x +a? =(v—ae'X)(x— ae 'X), 


and gives rise to the partial fractions 


flae®) a  , Sec 1 


d(ae*) e ag? iss" eme" 
Ge a™ ex 


Now Q' (ae'X) ` 9na?^ - 1 e - Dx (etx — cos na) 


a™et™x az i(n- m- 1)x 


SEIN ET ATE 
D 


e™-Dxisinna — 2(na3* ^7! gin na 
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Hence the two partial fractions 


1 eg (n- Us gr - m- 1x 
une "ml sin na a gei z—ae "E 


d Le m- VI = ie e- m- Urs — ae 


1 — aeX) 
E A orn A ? -9az cos X +a? 


2una 
€ 1 [55 sin(n — "Ir 2x sin (n — m — Dx) [ 
~ unsin na.a?n-m—-i — 2az cos x +a? ; 
gm 
' aM Zonen cos na +a?” 
L 1 X [ 2a sin X cos(n — m — 1) x — 2(x — a cos x) sin(n — m — 1)x 
. 2n sin na.a?n^m^1 L (x — a cos x)* to sin? x 
em da 

Lot | LN — 2ang” cos na, ton dria 

Ee 
TEE? c —a cos| a+— 


PE S l d Sall a 
=— sa qi-m-i Dy (n - m l){ a+ T tan : ( SI 
a sin|a-d 


n sin na, a?^—m—1 
n—l 
—€——Ó 2 jsin(a —m-1 IC + 7 Jtog a?—9a2 cos(a +5) +a | S 
In the same way z?-!/(r^--a") may be integrated. The 
results are given in Exs. 39 and 40, pages 166 and 167. 


dx 
167. Ex. Calculate [ apra 
Here (Art. 166) B =F 4 n=0, n=2. 
The indefinite integral is 


— à, COs 203 B 
ge Sen (5 Le B) tan"! — 


euni? ) 


Feo (T - gan asin (F-8) 
—$sin (z- B) log fas- Generelle) 
—Aeial $- D log fa- arcos (3 - 8)««) ] 


z-rasin B 


ER SE + sin 8 tan-! — SE 


-1 
2a? sin an [sin B ian 


— 4 cos B log (x? — 2ax sin B +a?) 4-3 cos H log (x* + 2az sin (3 -- a*)], 
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and taken between limits 0 and œ 


ele G1) iy 
~ 2a sin 2B 2 2/.] 4a cosB 


The AM integral may o be written as 


Sain BB [sin Bian" T #008 B cos B tanh— mii 
168. Àn integral of the form 
p 
pm 
c + da 


can always be integrated as follows : 
Let | be the L.C.M. of q and s, and let C= =} and -= 
Let z—2', dz-lz- ae 


Then f atb eda =1 f atta aida, 

c+ de T 
and the expression to be integrated is now rational, and when 
expressed in partial fractions each term can be integrated. 


lad 1+2 
Ex. ae (Let «= #.) = HET 


LEE Los P =) 

Ko dnd dr -z = 1 dz 
12z-1-3 

‘a 2 "e We 

=o f [e - hen | 


22—1 
= 22- 322 — 4 log (z4- 1) log (2? — 24-1) -2 /3 tan?! J8 


— $a 4 2:3 — 323 — 4log (1 Wen? log (1 ~at pa) 


Ex: 
4,2 
+23 tan Es 


169. In exactly the same way the integration of 
D 
j +b(a+ Boy dz 
c + d(a + Ba)! 


can be effected by putting a+ Bz=z when l is the Lom. of 
q and s, and more generally that of 


= (a + SEI 
mt 
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where f(t) and ¢(t) are any rational algebraic functions of t; 
for, putting a+ z — z, as before, the integral becomes 
fe» (Tu 
sey gn 
and the integrand being now rational and algebraic, we can in 
any such case proceed to put it into partial fractions and then 
integrate. , 


EXAMPLES. 
Integrate with regard to z the expressions in the following seven 


groups : 
1. Linear unrepeated factors 


? n 
Wa 
QS 1— 3a? 
Qn) r 
(x — 1)(%- 2) 
M o-ou iey 
(vii) (z d a) (z E b) (x ay c) 


(a? - a’) (a — b,*) (a? - e 


(ix) E ul che 
æ? 4- 10z — 119 


2. Linear repeated factors : 


e 1 
0 Girly 
at +l 
(iii) z(z-ly 
(v) (a? — 724-12). 
d z?—3z4-3 
(vii) x 234-16: —12' 


A 1 
O (5-16 3)8-5) 
e etl 
w ene 
4 (z-a)(x-b)(z-c) 
) waa- MS ef 
EEN 
EIER 
(x) 3-5 eai: j 
— 8312? + 311z — 1001 


(viii) 


e 1 
© Gri De 
(iv) (aa? + kär 


; at 
OD apen 


[I. C. S., 1900.] 


3. Quasi-linear occurrence of factors. Powers of æ all even: 


; da 
o larry 
(iii) em "n 


az? +b 
o käng ` 


(vi) Las +d) (ez? +f) (ga? +h) 


(ii) f (2? + a?) (x? + 02) di 


(a? + c°) (a? +d?) 


: xdg 
pi Jeremi 


attt de, 


In the last two c, d, e, f, g, h may be considered positive. 
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4. Quasi-linear factors. Numerator an odd function, Denominator 
even, or Numerator even, Denominator odd : 


is EE 
(i) LZ, (ii) ln p^ 
de dr : dr 
(iii) [ser eres (iv) EATA ATT 


5. Quadratic factors not repeated : 


x (x+1)? 5 
(i) ker D ju rure 


ne +1 
(iii) Iz (iv) [ams ayy 
(v) [e a?) (a +0222+a%)-2dz, (vi) [e — a?) (at + az? + a*)-1dz. 
2SQ(D-3rz41 he dz 
(ni ES geg (viii) [. + S 
6. Linear factors repeated. Quadratic factors not repeated. 
i z*dz (ii) dz 
Ou- Peyi (TF1 + 2z + 422)" 
(iii) Pam. SC (iv) ruta ATLA 
(a — 1)? (a? +4) (a+ 1)? (a? + 1) 
dz : dz 
(v) (z - 1? (22 -ly (vi) e(z-1)(z 4-1) 
(vii) e n (viii) AR ` Më 
ia + a?) 2 (a? + 2”) (D$ + a2) 
63) coer) O) vice 
(z- 13 +241) (2z — 3) (42? + 5) 


7. Repeated quadratic factors : 
da - dz 


À zc @) Ger 
(iii) CY (iv) ay ae 


T 1 
8. Evaluate |t 0d0 and Ier gan 


dz 
9. Evaluate (i) mU o s 
o cost — cos?z sin?z + sin*z 

(i af dz 
» €0s*z + cos?z sin?z + sinta” 
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d cos z da 
10. Evaluate f (LET CET AN 
z?dz T 
(a? + a) (a? + 0%) (a? +0) 2(a+b)(b+e)(c+a). 
dx 2m a+b 
tarta) ECKE GES ESO 
[y, 1891.) 


11. Show that fi 
12. Show that A 


13. Show that the sum of the infinite series 


1 1 1 1 
AT Ate eae (a2 0, b>0) 


can be expressed as a definite integral, viz. 


1 te 
f, 1+ ix? 
And hence prove that 


1-143-45445 - dp... —1(73 ? + log,2). 
[Oxronp, 1887.] 


25 dz 
14. Integrate: (i) Jra + 3234 3z— [CoLLEGES, 1882.] 
e+ 2 
(ii) E ; 47. [Sr. Jones, 1881.] 
* (1 +2?) da 
(Hi) JT- 221082 pat [Corxxozs, 1882.] 
e dr 
Gv) wc [Corrzars a, 1891.] 
j UE 
(v) f (1 He x2)? + a22? da. 
15. Prove that pe cr 
: MET 8 [Sr. Jonw's, 1881.] 


dz 


16. en SESE a gt 
Prove that | Gay by 


r=p—2 Q, (x - acs « r=q—2 IE (x - py: 


"4 Gay SEIT 24 Graph gered 


1 
tace Qa log (z — a) + (i-am e log (a — b), 


Where P, and Q, are the coefficients of 2” in (1+2)? and (1-r2)7* 
respectively. 
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; dz 
17. Integrate (i) Jee serre) 


164 


4 dz 

(it) les Sa3) (a3 — 1) 
Jz dz 

Gii) Javaiiese cay 


942 .. 
18. Prove (i) E Garnier Mech 
‘i 1 
(ii) Lee 
(iii) Ke 
19. Integrate 3 
1 K 


1 
Prove that g *t3-1i*14.17 ^ 


[Marz. TRIP., 1878.] 


[Oxron» I., 1888.] 


[Corrrors £, 1891.] 


(Trinity, 1882.] 


ele 2tan^! v2 z} 


FUE 


(Trinity, 1895.] 


l[ 
at) fate. 
.. to oo el S log? | 


[Corrrars, 1896.] 


[Corrxars B, 1890.] 


(Maru. TRIP., 1898.] 


[CoLLEGES, 1896. ] 


H. M. Scu., Ox., 1904.] 


[Sr. Joun’s, 1892.] 


(Sr. Joitir 8, 1882.] 


[CorLEGES a, 1885.] 


[Maru. TRIP., 1895.] 


(Jcotz — vtan z) dz 
95. prae J 14+3sin2z — 
" 2 02-1 
21. Integrate (i) [tan Gen dz. 
(ii) Le 4 all + c/a da. 
22. Integrate A 
i (a? 4- az 4- 22) Jz 
523 + 32-1 
23. Integrate levee 
1. 
24. Evaluate | E 
o cos?z 
25. Integrate Leu n being a positive integer. 
a—b\? 
26, Integrate (ESO dr 
27. Integrate eege 
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28. Sum the series 
z? a5 


1.3* 8.5 *g. ppt: od inf, 
assuming it to be convergent. 
Deduce that 
| QNNM. ar T ld 3 
p 1.3 '3s*t3.5' 28*5.7 7 "rt . ad inf. «1 5 log 3. 
(I. C. S., 1899.] 
29. Prove that 
wu NES Di 
1-7*g-1g* wT .. ad inf. = a 2). 
[CoLLEGES B, 1888.] 
30. Evaluate Ge log (1 — 2?) dz, 
and deduce that 


[COLLEGES a, 1889.] 


31. Integrate ferar dz. 
Prove that 
1 1 1 1 WC 
t'em nma aae (x + log (3-+2V3)}- 


(Marx. Tnir., 1896.] 
32. Show that 


d rn 
Ierger HE 1) "C, log (z +r). 


33. Show that 
Ez. s onte Kë _n(n—-1)3"? 
(1 — 2x)8 (Toe "FAL äs SÉ 
+a rational integral algebraic expression of a finite 
number of terms. 


34. Show that if c— 1, f 


log(1-2z) 


dz 
(1 - z) (1 — cz)(1 — c2) ... to co 
1 e 4, a? yl at 
31-e*3(-90-8) EC HESE 
grt? dz 
(z — a3) (2 - a5) (z — a) ... (2 el 


a, n+2 


EE ... UO 00 


35. Show that | 


RE 8 WRG aye a) eal ee 


where H, is d, sum of the homogeneous products r at a time of 
à, a, ...3 (7 
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36. Show that the part of the indefinite integral 


which becomes infinite when z—0, f and ¢ being rational integral 
functions of z which do not vanish when z=0, is 


_1 FO) 1/'(0)9(0)- g (0)/(0) 


22 (0) zx [$(0)P 
+ oga HHO- OF OLO f()4(0)0)- HHO} 


[Ox. I P., 1901.] 


37. Show that when a rational fraction is decomposed into its 
simple or “ partial ” fractions, the decomposition is unique. 


38. If F(x) be a function of the (n — 1)^ degree which assumes 
the values 4, Ug, Ug, ..., Up when Zen, 2;, La, ..., t, respectively, 
show that 

Fo - (£ — £o) (X — T) ...(z—2,) 
EM (21 — 23) (2 — 23) ... (2, — Zp) 
(a - 11) (8 — 2) -. (0-2) 
+ Uy A A ni 
? (ig — 2,) (23 — 23) -.. (To — Xp) 


-— (x — 2) (x — 2) ... (z = 2,1) 
(En ai H (CA E: To) Se (Zn Er Tyr) 
39. Prove that if p<n+1, 


= 1 


n- aei da Y^ z 2rpr 2 rr ; 
na d ep ais 2, cos 5 log (z - 2az cos A + a?) 
r= pr £—acos — 
i -1 
-» di mb ees. . orm 
asin — 
n 
if ^ be odd, 
and — log (z — a) 4- ( - 1)?log (x +a) 


+ >) cos a log G — 2az cos ea) 
r=1 


2 
rat? " z — à cos Eé 
. m 1 
«2, 2, sin PT tani — Br if n be even. 
r=] n 1 
asin— 
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40. Prove that if p «n-- 1, 


n- a = 
na [rade CD log (£ +a) 


n-1 


di» ^ y. 


- 2 cos (2r — 1 log fa? — 2az cos (2r — ree) 


r=" z- acos (2r — 1)— 

^ 3E. n 

+2 ep sin (2r — 1)^7- tan 3 
r=1 


asin(2r-1)7 


if n be odd, 


rn 


and =- KA cos (2r — 1)77 log fæ- 2az cos (2r — Dzee| 
r=1 
7T 
r=} z—acos(2r-1)- ` 
+2 > sin (2r — (ks ton ^ ifn be even. 
- H T 
KE a sin (2r — 1) E 


4l. Prove that 


z -dz ] "zu 2x cos — 2z sin — 
| i iym 24 cos A tanh-! = + sin ch tan-! e 
ol-2^ Ins n Irz n 1-2 
[Marn. TRIP., 1884.] 


P 4m 
42. Show that | = (ie a T 
dad  5/10+2/5 


43. (i) Show that the remainder left after dividing the rational 
integral function f(x) by (z — c)? +b? is 


| /9- 2/01. r9. + (- 1 ate dä 
*&-9| rg - FI ui se 


+(-1) fen o) .. .] 
B + D ! 
where f')(c) denotes zo ; 


(ii) If f(x) and $(z) are rational integral functions of z, and $(z) 
does not contain (z — c)? -- 0? as a factor, show that it is possible to 
determine finite values for the constants P and Q in such a manner 


that f(a) - [P (s - o) + 0] 9 (2) 


is divisible, without remainder, by (æ — c)? + 0%. 
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(iii) Apply the last result to show (or prove in any manner) that 
Zi 
EE Se) 


can be expressed in the form 


x (a) +See c) + Qn 


pa) AE FE 
r being a positive integer, x(z) a rational integral function of z, and 
Pa and Qn constants. [I.C.S., 1892.] 
ORTO ; 
44. If = "Kei 
Fie) =?) * Fay 


where F, f, >, V are rational polynomials of degrees m+n, n, m, 
n — 1 respectively, show that if a, , a,, ag, ... , a; be the roots of f(x) = 0, 
considered all different, y(x) will be determinable from 


y(x), ol, zn, ex, 7 1 
F(&), QP) gr 04 1 
F (a4), gef, ag"73, e, Do H =0. 


Pee PP eee eee eee ee eee ee ee eee eee eee 


Also determine y(x) when /(x)=0 has equal roots. 
[Oxron» I. P., 1913.] 


} az? +ba+e ^ 
45. Integrate | (amas) t^ 


46. Prove that if n bé a positive iov 


[Oxron»p I. P., 1917.] 


(i) ee dio dg = Lp? cos ZÉIT P log sin (e - =), 


a (sin (n — 2p) 9 10 1". 2prr 
(ii) oar d0 = => A in Freck 


r-l 


E dz 
47. Integrat T ROUTE 
ntegrate ` (i) hu lve (ii) einfer sin (£ + a) 
eR. aem. 
Iram v 


d (2? +3)dz ` 
(iv) n 2+1) 30 pës- "ER 
(Maru. Trip. I., 1917.] 


and prove that (iii) i 


4 å da 
48. Obtain the rational part of leur (Maru. Tarr. II, 1915.] 
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49. Prove that 


Qn m = sin a, cos Do, 1 
(rant sin(2n — 1)a, 2?--tan?a, 


r=0 
where a, =(2r+1)x/4n. [Oxr. II. P., 1899.] 
Write down the values of the integrals 
dz | x dx 
(1+2)"+(1 -g)y* (1 7 z)?^ + (1— zn 


90. Show that 
T ada EE 
o (a+a)"—-(a—-2) i zi 1)- sin NL ee 


re - 


bo 


the summation extending from A=1 to A= 
according as n is odd or even. 
(Cf. WOLSTENHOLME’S Problems, No. 1912.] 
Write down the value of the integral 
ada 
(a ms a)” —(a- zy" 


51. Show that if n be even and z - y — 1, 


dé LES ne^. (1 1 1 
iua a-l|yMcÓi et | TT »-2|ye» mz 


n(n+1) 1 1 1 n(n 4 1)...(2n - 2 
een DFT Dy Mae nme 


1.2 s-3[y ae 
[Munrur, Camb. Tr., vi.] 


52. Show that if p <q, 


E SH (Pre) 
Li i: S vit I9 Irr sin 9 TT i 


r=1 riz? g? 
[ToDHUNTER, 7.C., p. 38.] 
Deduce that if p —q, 
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